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^3 ' We show that in a deformed AdSs model with an exphcit infrared cutoff included in the 

Cn ' logarithmic correction — cq \-Og[{ziR — z) / zir], the heavy quark Cornell potential can be fitted 

very well, the corresponding beta-function agrees with the QCD beta-function at 2-loop level 
reasonably well, and its dual dilaton potential is bounded from below in infrared. The results 
are compared with those in the Andreev-Zakharov model and the Pirner-Galow model. 

§1. Introduction 

0-i| The AdS/CFT duality^' has been widely used to discuss the meson spectra and 

pi i' dense and hot quark matter. The string description of reahstic QCD has not been 

1^ , successfully formulated yet. Many efforts are invested in searching for such a realistic 

description by using the "top-down" approach, i.e. by deriving holographic QCD 
from string theory, as well as by using the "bottom- up" approach, i.e. by examining 
possible holographic QCD models from experimental data and lattice results. 
OO I In the "bottom- up" approach, the most economic way is to search for a deformed 

QP ■ AdSs metric,'^^^ which can describe the known experimental data and lattice re- 

sults of QCD, e.g. hadron spectra and the heavy quark potential. The simplest 
holographic QCD model is the hard-wall AdSs model,'^ which can describe the 
^^ ■ lightest meson spectra in 80 — 90% agreement with the experimental data. However, 

^D . the hard- wall model cannot produce the Regge behavior for higher excitations. It is 

regarded that the Regge behavior is related to the linear confinement. It has been 
suggested in Ref.'^' that a negative quadratic dilaton term — z^ in the action is needed 
k> , to produce the right linear Regge behavior of p mesons or the linear confinement. 

^ I The most direct physical quantity related to the confinement is the heavy-quark po- 

tential. The lattice result which is consistent with the so called Cornell potentiaP^J 
has the form of Vqq{R) = -^ + (TstrR + Vq. Where k ^ 0.48, astr ~ 0.183GeV2 
and Vq = — 0.25GeV, the first two parameters can be interpreted as -^ and QCD 
"string" tension, respectively. 

In order to produce linear behavior of heavy flavor potential, Andreev and Za- 
kharov in Ref.l^ suggested a positive quadratic term modiflcationF' in the deformed 
warp factor of the metric, which is different from the soft- wall model in.l^ In Ref.,™ 
the authors found that the heavy quark potential from the positive quadratic model 
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is closer to the Cornell potential than that from the backreaction model, ^' which 
contains higher order corrections. 

It is clearly seen from the Cornell potential that the Coulomb potential domi- 
nates in the ultraviolet (UV) region and the linear potential dominates in the infrared 
(IR) region. It motivates people to take into account the QCD running coupling ef- 
fect into the modified metric.'^"'^ In Ref.|^ Pirner and Galow have proposed a 
deformed metric which resembles the QCD running coupling, and the Pirner-Galow 
metric can fit the Cornell potential reasonably well. However, as shown in Ref.'^ 
the corresponding dilaton potential solved from the Einstein equation is unstable, 
and the corresponding beta function does not agree with the QCD beta function. 

The motivation of this worlPSJ jg iq show that a deformed AdSs metric with an 
explicit infrared cutoff included in the logarithmic correction —CQlog[{ziji — z)/zfji] 
can describe the heavy quark potential as well as the QCD /3 function very well, at 
the same time it can have a stable dilaton potential from the gravity side. 

§2. The deformed AdS^ model 

To search for the possible holographic QCD models, the most economic way of 
breaking conformal invariance is to add a deformed warp factor h{z) in the metric 
background, and the general metric As{z) in the string frame and in the Euclidean 
space has the following form: 

ds^ = G'^^dX^'dX" = b!^^L>L_ (^dt^ + dx^ + dz"^) (2-1) 

= e^^^^'^ [df + dx^ + dz^) . (2-2) 

As pointed in,^' that the logarithmic term cq log z itself cannot produce con- 
finement, while a logarithmic correction with an infrared cut-off in the form of 
Co log(z/i? — z) can have confinement at IR. Therefore, we propose the following 
form for the deformed warp factor^^ as 

h{z) = exp {-^ - CO H^i^^)] . (2-3) 

The coefficients a and co can be either positive or negative. An IR cut-off zm ex- 
plicitly sets in the metric, which has the same effect as the hard-wall model. When 
Co = 0, cr > and o" < corresponds to the soft- wall model^' and Andreev-Zakharov 
model, respectively. In Ref.,12f in order to mimic the QCD running coupling behav- 
ior, Pirner and Galow proposed the deformed warp factor 

log (i) 
hpG{z) = r \ T (2-4) 
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This metric with asymptotically conformal symmetry in the UV and infrared slavery 
in the IR region yields a good fit to the heavy QQ'Potential with A = 264 MeV and 
e = A^ll = 0.48. It is worthy of mentioning that the deformed warp factor hpciz) 
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is dominated by a quadratic term az^ in the UV regime and a logarithmic term 
— \og{ziii — z) in the IR regime, respectively. The deformed metric in Eq. (j2-3p when 
taking the parameter of o" = 0.08, cq = l,ziji = 2.73GeV~' can mimic the Pirner- 
Galow deformed metric in Eq. ()2-4p . 

Following the standard procedure, one can derive the interquark distance R as 
a function of z 

R{z) = 2z / du ^. , , ^ (2-5) 

■JO '^ /-, / e2-4s(^) ^ 



The heavy quark potential can be worked out from the Nambu-Goto string action: 
Vqq{z) = — I dve^^^^'^'h^ ^ (2-6) 

It is noticed that the integral in Eq. ()2-6p in principle include some poles, which 
induces Vqq{z) — )• oo. The infinite energy should be extracted through certain 
regularization procedure. The divergence of Vqq{z) is related to the vacuum energy 
for two static quarks. 

According to the Giirsoy -Kiritsis-Nitti(GKN) framework,'^ the noncritical string 
background dual to the QCD-like gauge theories can be described by the following 
action in the Einstein frame: 

S^D^Gravity = ^ / d^'xV^G^ (r - ^9^(/>5^</. - Vb{4>)] . (2-7) 

Where R is the Ricci scalar, (p is the dilaton field, and Vb{<P) the dilaton potential. 
The metric in the Einstein frame is denoted by G^^,. Replacing A{z) = As{z) — |0, 
we obtain the following two independent Einstein's equations: 

VBiHz)) = -iel^-'-^^[i<p'f + 3K)2 - 40X], 

cP" = Ia'^ + 2A'J'-1{A',)^ (2-8) 

Different from the original GKN paper, we will determine the metric structure As 
from heavy quark potential, then solve the dilaton field (p and the dilaton potential 
Vb{(I)) from Eq. (j2-8p . The resulting second order differential equation for (^(z) needs 
two boundary conditions. 

In the GKN framework, the scalar filed or dilaton field (p encodes the running of 
the Yang-Mills gauge theory's coupling a. For convenience, the renormalized dilaton 

field cp has been defined as a = 4^ = ef For a 5D holographic model, its /3 function 
is related to the deformed warp factor A(z) by 

da e'^d<P e'^(-) • cP'jz) 
'^ = ^dE = ^A= A'(z) ■ (^-^^ 
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The QCD /3-function at 2-loop level has the following form: 

/3(a) = -boa"^ - 6lQ^ (2-10) 

with 60 = 2^(t^- - 1^/)' and 61 = 8^(f iV2 - {fN, - ^jNf). By choosing 
3 and Nf = 4, one has 6n = p- and b^ 
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A^'c = 3 and Nf = 4, one has 60 — g^ 
§3. Heavy quark potential, QCD beta function and dilaton potential 

We consider two cases: 1) with only quadratic correction when cq = 0; 2) with 
only logarithmic correction when o" = 0. In the numerical calculations, we choose 
the AdSs radius L = lGeV~ , and the Coulomb part is fixed by choosing the string 
tension ag = 0.38. 

The heavy quark potential as functions of quark anti-quark distance R for the 
case with only quadratic correction when cq = is shown in Fig. [1] (a), and for the 
case with only logarithmic correction is shown in Fig{T] (b). For the first case, the 
best fit of the heavy quark potential gives a = — 0.22GeV^, which is negative and 
corresponds to the Andreev-Zakharov model. For the case with only logarithmic 
correction when a = 0, the best fitted heavy quark potential (the black solid line 
in Fig(T] (b)) gives cq = 0.272GeV^ and zjji = 2.1GeV^^. The results are compared 
with that from the Pirner-Galow model (short dashed line) and the experimental 
data (the long dashed line) and the UV analytical result in FiglT](b). 
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Fig. 1. (a) The heavy quark potential as functions of R in the case of cq = 0, and a = 
0.1, 0.01, —0.22, —0.4GeV^. (b) The heavy quark potential as functions of the distance R in 
the case of cr = and cq = 0.272 and zjr = 2.1GeV~^. 

The P function as a function of a and the dilaton potential as a function of (j) are 
shown in Fig. [2] for the case of quadratic correction and for the case of logarithmic 
correction, respectively. For the case with only quadratic correction, the used two 
types of boundary conditions are: 



IstBC 



0.87) = log(0.25), 0'(z = 0.87) = 0.9, 
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2ndBC : 0(z = 0.87) = log(0.25), (/>(z = 0.38) = log(0.18). (3-1) 

For the case with only logarithmic correction, the used two types of boundary con- 
ditions are: 

IstBC : (l){z = 0.9) = log(0.25), 0'(z = 0.9) = 1.7, 

2ndBC : ^(z = 0.9) = log(0.25), 0(z = 0.39) = log(0.185). (3-2) 
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Fig. 2. The beta function as a function of coupling constant a and the dilaton potential as a function 
of (f) in the case with only quadratic correction (co = 0, cr = —0.22) and in the case with only 
logarithmic correction (a = 0, co = 0.272 and zir = 2.1GeV~^). The boundary conditions are 
described in Eqs. (|3-1|) and ()3-2[). 



For both cases with only quadratic correction and with only logarithmic correc- 
tion, it is found that by using the second type boundary condition, i.e, the boundary 
condition used in,^-' the produced /3 function is not a monotonic function of coupling 
a. This behavior is due to the fixing running coupling constant at two points. By 
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using the first type of boundary condition, tfie produced /3 function is nionotonically 
decreasing with the couphng constant a, and it agrees reasonably well with the QCD 
/3 function at 2-loop level, which is shown by dashed line in Fig. [5J 

For the case with only quadratic correction, it is found that for both types of 
boundary conditions, Vb{4') decreases with (p, the dilaton potential in the IR regime 
is not bounded from below, which might indicate an unstable vacuum. This behavior 
is also shown in the Pirner-Galow model in Ref.'^ However, in the model with only 
logarithmic correction, it is found that for both types of boundary condition, the 
dilaton potential Vb{4>) is stable which is bounded from below in the IR. 

§4. Conclusion 

We found that in the deformed AdS^ model with only logarithmic correction in 
the deformed warp factor, the heavy quark potential can be fitted very well and the 
beta function of the running coupling agrees well with QCD /? function at 2-loop 
level. Comparing with the Andreev-Zakharov model and the Pirner-Galow model, 
the corresponding dual dilaton potential is stable in the model with only logarithmic 
correction. 
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